Consider symplectic ruled surfaces M g λ = (Σ g × S 2 , λσ Σg ⊕ σ S 2 ) such that Σ g has area λ and S 2 has area 1. We show that for k ≥ g/2 the homotopy type of the symplectomorphism groups G 
Introduction and results
The purpose of this note is to introduce and apply a refinement of the negative inflation method in a symplectic four-manifold. Inflation was first introduced by Lalonde-McDuff [13] for embedded J-holomorphic curves with positive self-intersection and extended later in a weaker version by Li-Usher [14] for negative self-intersection curves. Our work is based on the following: m − ε, where a Z is the Poincare dual of Z. To prove it we adapt and refine McDuff's method [15] used in the case of positive curves. In the Li-Usher work, which inspired this paper, the authors prove the above result without the added tameness condition on our symplectic forms. They use symplectic gluing techniques and are able to show the existence of symplectic forms for a maximal range 0 ≤ μ < 2τ 0 (Z) m . But for μ > τ 0 (Z) m one has τ μ (Z) < 0 so tameness cannot be expected for that range, hence our result is optimal under the above conditions. While previous works exists by Gromov [11] , Abreu [1] , Abreu-McDuff [3] , Anjos [4, 5] , Abreu-Granja-Kitchloo [2] , for the rational case when g = 0, we present here most statements from [15] as we are basing our note on many of these results. In 2000, McDuff [15] studied the space of symplectomorphism groups for ruled surfaces of arbitrary genus. Recall that a topologically trivial ruled surface M g λ is the total space of the topologically trivial symplectic fibration (Σ g × S 2 , λσ Σg ⊕ σ S 2 ) −→ (Σ g , σ Σg ), where λ > 0 and the two-forms σ S 2 and σ Σg have total area 1. Accordingly, we define the symplectomorphism groups G g λ by
The manuscript [15] exploits a homotopy fibration based on a fibration first introduced by Kronheimer [12] , which in this case reads: 
Moreover these maps are compatible up to homotopy under the various homotopy diagrams.
We will obtain a generalization of item (3) above for the higher genus cases. McDuff's proof of item (3) is based on the positive inflation technique. To be able to do that, she needs the existence of appropriate embedded positive curves for every J. While suitably nontrivial Gromov invariants provide such curves for regular almost complex structures, they only translate to the existence of curves with singularities for the nongeneric J. Finding sufficient embedded curves for such nongeneric J requires a detailed study of all the possible singularities and multiple cover curves, which led to only limited success in the attempt to generalize point (3) to all g > 0. Our method allows us to circumvent this analysis as the embedded negative curves will be present in these strata by their very definition. Hence we can use negative inflation to effortlessly prove the following result.
The following result from [15] describes the known ranges of stability regarding the main stratum A This allows us to improve the results regarding the higher genus case. In particular we obtain the following stability result: 
Moreover, based on the partial analysis of the strata of the spaces of almost complex structure A Therefore when we look at the stability ranges g/2 ≤ k < λ ≤ k+1 these results allow us to completely understand the rational homotopy groups π j G g λ ⊗ Q for all 3 < j < 4k + 2g. Any nontrivial element in π 4k+2g G g λ ⊗ Q must vanish as λ passes the integer k + 1. We call such elements that do not survive in the homotopy limit fragile. Combining the results of Propositions 1.7 and 2.12 from McDuff [15] one can easily obtain a fragile element. Instead, we will find such nontrivial elements by using the above results and the techniques developed in Buse [9] . This allow us to exhibit fragile elements that live in the λ-range between two consecutive integers that have the extra feature of being higher Samelson products of certain nontrivial loops
This generalize the existence of a regular Samelson product [γ, γ] ∈ π 2 G 1 1 found by Buse [9] for the torus case when g = 1.
Proposition 1.8. For all genus g ≥ 2 and all
If we put together the results from Propositions 1.6 to 1.8 we obtain the following partial characterization of the rational homotopy groups π * G 
Further questions.
Our stability results open the way to explore the complete rational homotopy type of the groups G In a different direction, one would like to understand the behavior of the main strata A g λ,0 on the ranges 0 < λ ≤ g/2 , thus settling possible stability results for the remaining λ ranges 0 < λ ≤ g/2 . These ideas will be pursued by the author in a different paper.
Proof of the negative inflation theorem
Proof of Theorem 1.1. The proof largely follows the lines of McDuff's proof of Lemma 3.1 in [15] . We need to take special care to bound away from zero the function a defined below in (2.5), as it is no longer greater than 1 as in the positive inflation case.
Take N (Z) a neighborhood of Z consisting of the unit disk bundle of a complex line bundle L over the curve in class Z. Denote by r the radial coordinate. We renormalize τ 0 such that τ 0 (Z) = 1. Denote by σ Z the area form on Z such that Z σ Z = 1. We then can choose a connection on L such that the connection one-form α obeys dα = mπ * (σ Z ) where π is the bundle projection, and such that Z σ Z = 1.
We use the symplectic neighborhood theorem to get, via isotopy, that, for a sufficiently small r ≤ r 0 , the symplectic form τ 0 is isotopic to the following form:
For all μ ∈ (0, 1 m − ε] we will take τ μ to be of the form:
For each μ, the functions f μ (r) will be nonincreasing positive functions of r supported in a neighborhood r ≤ r 0 , constant in a smaller neighborhood near r = 0 such that f μ (0) = M < At each point p ∈ N (Z), consider a splitting of tangent space
where E H ⊂ Kerdr ∩ Kerα and E F is tangent to the fiber of L. Note that since the curve at r = 0 is J-holomorphic we can assume that the fibers of L are J-holomorphic at r = 0. By the way we have chosen τ μ the spaces E H and E F are orthogonal with respect to τ μ and τ 0 . Then we can pick framings of the bundle (u, v) ∈ E H ⊕ E F so that the following holds:
Clearly b ≥ 1, and a is bounded away from zero. In fact inf {r≤r 0 } a(r) is a strictly positive number, which is decreasing and converging to 0 as the parameter ε converges to zero. Using the chosen framings of the bundle we can write J p = A B C D . We need to prove that τ μ tames J, which in coordinates is equivalent to
But since v is J-holomorphic B = C = 0 when r = 0. Since we know that τ 0 tames J this translates into
Given that B = C = 0 and J 2 p = A 0 0 D 2 = −Id when r = 0, we can find a neighborhood r ≤ r 0 and some positive constants c, c depending only on J so that
for all p in the given r-neighborhood and all (v, w) ∈ T p N (Z). Recall that 0 < inf {r≤r 0 } a(r) < 1. We will replace c with the larger number
.
Then the inequalities (2.9) yield
(2.10)
Using inequalities (2.8) and (2.10) we obtain 11) where the last inequality uses (2.8).
We need to find an appropriate small r 1 such that for r < r 1 and for any μ < 1 m − ε we can find functions f μ so that the expression K := cc r(
We will choose f μ so that −f μ < c /r for c an appropriate constant. Note that for any choice of r 1 and small c as in the relation below, we can truncate and smooth out f μ = const−c log r so that f μ (0)
holds. We will further restrict the r-neighborhood by picking a small r 1 < r and a small c so that the following sequence on inequalities hold:
For such choices of r 1 , c and f μ with −f μ ≤ c /r as above we obtain that K = cc r( √ a + √ b) < 1 for all r < r 1 . Then the tameness relation (2.6) follows from (2.11) because in general if β + γ + δ + η with β > 0 and γ > 0 and |δ| + |η| ≤ K(β + γ), then whenever
Consequences for the symplectomorphism groups of M g λ
If we denote by S g λ the space of all symplectic forms strongly isotopic to λσ Σg ⊕ σ S 2 , Moser's argument gives the following fibration: Moreover, the success in stratifying these spaces by strata A g λ,k of finite codimension is also very specific to the structure of the ruled surfaces. It uses both the foliation above to show that any J-holomorphic curve u in the class A − kF must be embedded(see below), and good general regularity results from Hofer-Lizan-Sikorav [10] regarding the dimension of the cokernel of the linearized Cauchy-Riemann operator Du. But arguably the most important feature of the symplectic ruled surfaces that allows us to draw conclusion on stability results in the spaces A g λ is that they have a lot of embedded curves featured via nontrivial Gromov invariants. These arguments are for instance essential in McDuff's proof for the stability of the main strata A g λ,0 , λ > g/2 .
As we explained in the introduction, our contribution to improving these arguments is to show the stability of all the other strata A g λ,k .
Although the abundance of J-holomorphic curves is inherently used by us, as negative inflation always requires embedded curves, we will no longer rely on nontrivial Gromov invariants. If u had a singularity, the multiplicity of the intersection between the fiber F passing through that point and the curve would be strictly greater than one, and thus positivity of intersection would contradict the fact that (A−kF )·F = 1. Hence the curve u must either intersect any J-holomorphic fiber transversely at a smooth point u is an embedding.
Proof of Proposition
Then we apply Theorem 1.1 and get a family of symplectic forms τ μ , all taming J, whose cohomology classes are
we get that the ratio between the τ μ -symplectic area of the base and that of the fiber is given by:
But since δ is arbitrarily small the whole expression Lastly, to obtain the results in Proposition 1.9, note that Proposition 1.7 along with the description of the diffeomorphism groups D g 0 from Proposition 1.6 allows one to understand all the elements in the rational homotopy groups of G g λ that persist in the homotopy limit. To get all the results of Proposition 1.9 we will need to see in the next section a proof of Proposition 1.8 that describe some fragile elements in π 4k+2g G g λ , for k < λ ≤ k + 1.
Fragile elements as Whitehead products.
This section will be dedicated to proving Proposition 1.8.
Preliminaries and previous results.
Following the techniques from Buse [9] we will first find higher Whitehead products in the classifying spaces BG g λ and get the desired higher Samelson products by desuspension to G g λ . Recall the following definitions introduced for example in [9] . Those homotopy elements in Whitehead products that have infinite order can be obtained as Whitehead products in a space (BG g λ ) ∅ called the rationalization of BG g λ . Our Whitehead products W (r) (F ) will be these rational Whitehead products and will consist of elements in π 2r−1 BG g λ ⊗ Q. We will refer to multiples of the map F : P n −→ BG g λ as maps given by the composites P n h / / P n F / / BG g λ with h of arbitrary degree. It follows from the general theory [6, 7] that any multiple of a map F : S 2 −→ BG containing desuspensions of all elements in W (r) (F ). The following result exhibits the basic principles used in [9] to detect nontrivial Whitehead products. 
We should now summarize how we construct such families. To do so, let us briefly recall how several symplectic circle actions arise on M 
For ease in indexing in this section and to be consistent with the work in Buse [9] that is being used for the proofs, we will restate Proposition 1.8 for λ between integers (k − 1, k]. Thus we require that k be always strictly greater than g/2 .
Proposition 3.2. For all genus g ≥ 1 and all integer k > g/2 , and for
Proof. For each value of k > g/2 we will apply Proposition 3.1 for a set value of n := 2k + g − 2.
In order to show how the hypotheses I and II of Proposition 3.1 are satisfied, let us recall the main arguments in [9] that allowed us to construct the family F n+1,ε : P n+1 −→ BG g k+ε , ε > 0. The maps γ k+ε,k described in (3.7) give rise to a family of maps
Based on computations of Gromov-Witten invariants, Corollary 4.5 in [9] shows that the family H n+1,ε : P n+1 −→ BG 
By composition with the maps h k,k+ε we get a family
Observe that after considering sufficient multiples for both F 1,ε (that exists for all ε ≥ 0) and H n+1,ε (that exists only for ε > 0), we get, via the relation (3.8) that when ε > 0 the maps F 1,ε and H 1,ε are homotopic to each other, have no torsion, and are homotopic to a multiple of the suspension of the circle map γ g k+ε, 1 . We want to build on F 1 a map F n whose deformations F n,ε obtained via composition with h k,k+ε are homotopic to H n,ε . Note that the homotopy type of the map H n,ε is determined by all the homotopy classes of the attaching maps used to attach cells to H 1,ε .
By Proposition 1.7 the maps h k,k+ε induce an isomorphism between π * BG g k and π * BG g k+ε for * < 2n. Therefore we can pick at the critical level ε = 0 attaching maps that are homotopic to those used when ε > 0 to build H n,ε on H 1,ε . We will use such maps to build, when ε = 0, a new map F n : P n −→ BG g k that restricts to F 1 on the two-skeleton. Note that we can no longer extend this procedure to get a map F n+1 . Namely, not having an isomorphism between π 2n+1 BG g k and π 2n+1 BG g k+ε prevents us from picking an attaching map in π 2n+1 BG g k homotopic to the one used to build H n+1,ε on H n,ε . Evidently, by this construction, the deformations F n,ε := h k,k+ε • F n : P n −→ BG g k+ε , ε ≥ 0. are homotopic to H n,ε for ε > 0.
Moreover, as long as ε > 0, we can extend F n,ε to a map F n+1,ε homotopic to H n+1,ε by using the same attaching map as the one used to build H n+1,ε on H n,ε .
Since the family H n+1,ε : P n+1 −→ BG g k+ε was new with respect to BG g k , any family homotopic to it such as F n+1,ε must also be new with respect to BG g k . Moreover this latter family has the virtue that by construction it also satisfies condition II in the hypothesis of Proposition 3.1. Since the family F n+1,ε , ε > 0 satisfies both conditions I and II of Proposition 3.1, either point A) or B) must hold. But we know that for any ε > 0 the space π 2n+2 (BG [9] . The key feature that allowed us to improve that result is the fact that the maps h k,k+ε induce isomorphism on π * , for all 1 ≤ * < 2n rather than the previously known range 1 ≤ * ≤ 2g − 1.
